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I analyze a metrological strategy for improving the precision of frequency estimation via Ramsey
interferometry with strings of atoms in the presence of correlated dephasing. This strategy does
not employ entangled states, but rather a product state which evolves into a stationary state under
the influence of correlated dephasing. It is shown that by using this state an improvement in
precision compared to standard Ramsey interferometry can be gained. This improvement is not an
improvement in scaling, i.e. the estimation precision has the same scaling with the number of atoms
as the standard quantum limit, but an improvement proportional to the free evolution time in the
Ramsey interferometer. Since a stationary state is used, this evolution time can be substantially
larger than in standard Ramsey interferometry which is limited by the coherence time of the atoms.
PACS numbers: 06.20.Dk, 06.30.Ft, 42.50.St
I. INTRODUCTION
Quantum enhanced precision measurements can dras-
tically increase the precision of sensing devices. The wide
range of applications include, for example, gravitational
wave detectors, laser gyroscopes, ultra-sensitive magnetic
field detectors, and frequency estimation via Ramsey in-
terferometry which can potentially improve the precision
of atomic clocks [1–11]. Quantum enhancement in such
applications is generally achieved by preparing the sys-
tem in a quantum state which has a higher susceptibility
with respect to the quantity to be probed. In the absence
of decoherence this ideally improves the precision of the
measurement device from the standard quantum limit to
the Heisenberg limit [12]. In practical realizations, how-
ever, the presence of unwanted noise, which threatens to
destroy the coherence of the quantum states employed,
has to be taken into account. It is therefore of great im-
portance to find methods which are noise tolerant and
simultaneously provide an improvement in measurement
precision [13, 14].
In this paper I present such a method which can be
used to improve the precision of frequency estimation.
The method is based on Ramsey interferometry in which
a system consisting of N two-level atoms evolves freely in
between two Hadamard gates where it picks up a phase
relative to a local oscillator. Depending on the transition
frequency ω of the atoms the local oscillator is typically
either a laser or a microwave field. The measurement of
the internal state of the atoms is then used to estimate
ω with a statistical uncertainty ∆ω which we want to be
as small as possible. Unfortunately, the presence of un-
avoidable experimental noise typically increases the esti-
mation uncertainty ∆ω. Here, I discuss a situation where
correlated dephasing is a significant source of noise which
is the case in recent experiments with strings of trapped
ions [4–6, 15–17]. Under these circumstances, an ini-
tial product state of the atoms evolves into a stationary,
mixed state which has been experimentally prepared and
studied using two atoms [4]. But here I go beyond N = 2
and present a method to employ these states for improv-
ing the precision of frequency estimation. In particular, I
show that, in the absence of any further experimental im-
perfections, the precision ∆ω behaves like in a completely
noise-less system, thus significantly improving ∆ω com-
pared to standard Ramsey interferometry. I then extend
this approach by taking into account further, relevant ex-
perimental imperfections. Specifically, I discuss the effect
of (i) imperfect gate operations, (ii) imperfect measure-
ments, and (iii) spontaneous emission. Taking these into
account I show that the method discussed in this paper
can lead to improvements in measurement precision of
one order of magnitude compared to standard Ramsey
interferometry.
Ideas to use quantum states to reduce ∆ω in Ram-
sey interferometry go back to Bollinger et al. [3] in
which a system consisting of N two-level atoms, e.g.
a string of ions stored in a Paul trap, is prepared
in a multi-particle Greenberger Horne Zeilinger (GHZ)
state |0 . . . 0〉 + |1 . . . 1〉 (|0〉, |1〉 denoting the two inter-
nal states). Using this state in a Ramsey interferometer
instead of the product state (|0〉+ |1〉)⊗N reduces ∆ω by
a factor
√
N . That is, the estimation uncertainty is re-
duced from the standard quantum limit (∆ω ∼ 1/√N) to
the Heisenberg limit (∆ω ∼ 1/N). However, it has been
shown subsequently by Huelga et al. [18] that this gain
in precision is completely annihilated if a particular type
of noise is taken into account. In [18] this noise was
assumed to be uncorrelated, Markovian dephasing, i.e.
each atom dephases completely independently from all
other atoms, and the fluctuations causing the dephasing
are Markovian. Interestingly, if the Markov assumption
is dropped, but the dephasing of different atoms is still
uncorrelated, recent works of Matsuzaki et al. and Chin
et al. have shown that it is still possible to beat the stan-
dard quantum limit when using entangled states [19, 20].
In contrast to this, in this paper I focus on correlated
dephasing caused by fluctuating magnetic fields (and not
fluctuations of the local oscillator) as it occurred in recent
trapped ion experiments [4–6, 15–17]. The dephasing is
2correlated since the magnetic field (and its fluctuations)
are the same for all ions. It was shown previously that
in this case non-classical states which are elements of de-
coherence free subspaces have a significantly improved
coherence time [6, 15–17, 21, 22]. In [22], which extends
on a method first presented in [6, 21], it was shown that
by a suitable choice of internal states of the ions it can be
arranged that a GHZ state is decoherence free and simul-
taneously improve the precision of frequency estimation
by a factor
√
N . The major technical difficulty in that
method is to prepare a GHZ state for large N . Dramatic
experimental improvements have been made in this re-
spect during recent years [15, 23], the current record be-
ing a fidelity of 50.8% for N = 14 ions [15]. Despite these
achievements, it is still very challenging to prepare a large
GHZ state. In this paper I therefore present a method
for reducing ∆ω which does not require the preparation
of a GHZ state (or any other entangled state) but only
a product state which is experimentally much less de-
manding. The key idea of the method is to employ two
different transitions within a string of atoms which de-
phase in an anti-correlated manner under the influence of
correlated fluctuations [21] (see Fig. 1). An initial prod-
uct state (|0〉+|1〉)⊗N then evolves into a stationary state
which is used for Ramsey interferometry. This improves
the estimation uncertainty not in terms of scaling com-
pared to conventional Ramsey interferometry, i.e. still
∆ω ∼ 1/√N , but by a factor proportional to √γt, where
t is the free evolution time in the Ramsey interferome-
ter and 1/γ is the single-atom coherence time. Since the
method employs a stationary state, t can be substantially
larger than in Ramsey interferometry with single atoms
and will mainly be limited by spontaneous decay of the
atoms. Taking this, as well as imperfect gates and mea-
surements into account, I will show that improvements
of one order of magnitude in measurement precision are
feasible.
II. SYSTEM AND NOISE MODEL
The system under consideration consists ofN two-level
atoms with internal states |0〉 and |1〉 as shown in Fig. 1.
The two internal states of half of the atoms are required
to have magnetic quantum numbers m and m˜ and the
other half −m and −m˜. In addition, all upper states
are elements of the same Zeeman manifold and all lower
states are elements of the same Zeeman manifold, and the
two manifolds are separated by a frequency ω. Applying
a sufficiently weak magnetic field leads to linear Zeeman
shifts of the atomic levels which are, due to the choice
of magnetic quantum numbers, equal in magnitude but
opposite in sign for the two cases, i.e. ωa = ω − ε and
ωb = ω+ε. An immediate consequence of this is that the
transition frequency ω, which we aim to measure, is given
by ω = (ωa+ωb)/2, and, by construction, is independent
of the magnetic field. The frequency ω is therefore similar
to a ’clock transition’. Fluctuations of the magnetic field
FIG. 1. The system under consideration consists of N two-
level atoms, where the two states of half of the atoms have
magnetic quantum numbers m and m˜ and the other half have
magnetic quantum numbers −m and −m˜. A magnetic field
leads to linear Zeeman shifts which are equal in magnitude
but opposite in sign. The goal is to precisely estimate the
transition frequency ω.
leads, again due to the linear Zeeman effect, to fluctua-
tions in the frequencies ωa and ωb which are again equal
in magnitude but have opposite sign. If the two-time cor-
relation function of these fluctuations decays faster than
any other relevant time scale in the system it can be ap-
proximated by a delta function (see [22] for a detailed
derivation) which leads to a Markovian master equation
describing the system dynamics,
ρ˙ = −i[H, ρ] + γ
2
(
LρL− 1
2
L2ρ− 1
2
ρL2
)
. (1)
Here, H is the system Hamiltonian, γ is a dephasing rate
and
L = −
∑
j≤N/2
σjz +
∑
j>N/2
σjz , (2)
where σjz is the Pauli z-operator acting on atom j. This
system is used to perform Ramsey interferometry, i.e. the
system is initially prepared in a product state
|ψin〉 =
(
1√
2
(|0〉+ |1〉)
)⊗N
(3)
by applying a Hadamard gate to all atoms using two light
fields (lasers or microwaves) of frequency ωL,a and ωL,b
which might be slightly detuned from the atomic transi-
tion frequencies ωa and ωb. In practice, the Hadamard
gate would be realized by performing a pi/2-pulse which
is, strictly speaking, not the same as a Hadamard gate
but the difference has no effect on the estimation uncer-
tainty of ω. After the Hadamard gate, the Hamiltonian
of the system in a rotating frame takes the form
H =
δa
2
∑
j≤N/2
σjz +
δb
2
∑
j>N/2
σjz (4)
with δi ≡ ωi − ωL,i, i = a, b. The system then evolves
according to Eq. (1) for a ‘free evolution’ time t before a
second Hadamard gate and a measurement of the atoms
in the {|0〉, |1〉}-basis is performed. In this paper it is
3assumed that t is sufficiently large to let the system evolve
into a stationary state. The whole procedure is repeated
ν times leading to ν measurement results which provide,
by using an appropriate estimator, an estimate ωest of
the transition frequency ω. The statistical uncertainty
∆ω of ωest can be quantified by [24, 25]
∆ω =
〈(
ωest
|∂〈ωest〉/∂ω| − ω
)2〉1/2
(5)
which, in the case of an unbiased estimator, is simply the
standard deviation. The uncertainty, or precision, ∆ω is
bounded from below by the Crame´r-Rao bound and the
quantum Crame´r-Rao bound [24–26]
∆ω ≥ 1√
νF
=
1√
TF/t
≡ ∆ωCR (6)
≥ 1√
νFQ
=
1√
TFQ/t
≡ ∆ωQCR, (7)
where F is the Fisher information and FQ is the quan-
tum Fisher information (QFI). Furthermore, T ≡ νt is
the total time of the experiment, where t is the time
needed for a single experimental run which for simplicity
is assumed to be approximately equal to the free evolu-
tion time between the two Hadamard gates. The Fisher
information F depends on the state of the system be-
fore the measurement and the particular measurement
we perform while the QFI depends only on the state be-
fore the measurement. The first bound in Eq. (7) can be
reached via maximum likelihood estimation for large ν
and the second bound by an optimal measurement which
always exists [24].
A word of caution is in order if the above model [i.e.
Eq. (1)] is applied to the experimental setup described
in [15] since there it has been pointed out that the mag-
netic field fluctuations leading to dephasing are non-
Markovian. Nonetheless, it should be possible to apply
the method described in this paper to the case [15] since
it only relies on the stationary state (i.e. γt ≫ 1). This
state will consist of an incoherent mixture of eigenstates
of L which will be the same for the Markovian and the
non-Markovian case of [15]. Furthermore, we can always
artificially enforce the noise to be of the form (1) such
that the initial state relaxes quickly into the stationary
state. Any additional non-Markovian fluctuations of the
magnetic field should then have no effect.
III. BENCHMARKS
In conventional Ramsey interferometry, i.e. if the same
internal states for all atoms are used, and in the absence
of magnetic field fluctuations, the best possible precision
in case of a product state (3) turns out to be 1/
√
T tN , i.e.
the standard quantum limit. Using an N -particle GHZ
state |ψGHZin 〉 = (|0〉⊗N + |1〉⊗N )/
√
2 instead would ide-
ally improve this precision to 1/
√
T tN , i.e. the Heisen-
berg limit [3]. However, if magnetic field fluctuations are
taken into account this improvement is diminished sig-
nificantly. In fact, if uncorrelated, Markovian dephasing
with dephasing rate γ is assumed it has been shown that
the best possible precision in Ramsey interferometry is
given by
∆ωbench =
√
2γe
NT
(8)
for both the product state (3) and the GHZ state, i.e. the
two states are metrologically equivalent [18]. It should
be noted that Eq. (8) is based on the quantum Crame´r-
Rao bound which in this case is equal to the Crame´r-Rao
bound. Furthermore, in order to obtain expression (8),
an optimal free evolution time t = topt = 1/2γ in case of
a product state and t = topt = 1/2Nγ in case of a GHZ
state has been assumed.
In the presence of correlated dephasing as in Eq. (1)
the situation gets even worse. In fact, it has been calcu-
lated numerically in [22] that for a product state (3) the
precision, i.e. the quantum Crame´r-Rao bound, is given
by
∆ω˜bench ≈ (1.41 + 0.87/N0.90)
√
γ/T , (9)
and for a GHZ state a precision of
√
2eγ/T is obtained,
none of which tend to zero for large N [22]. A solution to
this problem was developed in [22], where it was shown
that using a level scheme as in Fig. 1 and a GHZ state as
input of the Ramsey interferometer the precision is given
by 1/
√
T tNξ, where ξ is the preparation fidelity of the
GHZ state. Although incredible progress has been made
to create large GHZ states in ion traps [15] it is still a very
challenging and expensive task to prepare such states. In
the next sections I therefore present a method which re-
quires merely the product state (3) which is easy to pre-
pare in experiments. I will use Eq. (8) as a benchmark to
measure the performance of the method since the corre-
sponding scenario employs product states as well. Equa-
tion (9) will serve as a benchmark to a lesser extend since
this precision is considerably worse than (8). A situation
where (9) occurs as precision would therefore be avoided
in practice. The precision of the method discussed in the
next sections is not as good as 1/
√
T tNξ, which relies
on entanglement, but clearly beats the benchmarks (8)
and (9).
IV. ESTIMATION PRECISION
The method described in this paper relies on the sta-
tionary state resulting from the dynamics described by
Eq. (1) given that the input state has the form (3). In the
following I will first derive an expression for this state and
then calculate the corresponding estimation uncertainties
∆ωCR and ∆ωQCR. To ease notation, I will call the first
M = N/2 atoms subsystem A and the second M atoms
subsystem B. Additionally, it is helpful to realize that
Eq. (1) and the state (3) are completely symmetric under
4particle exchange on subsystem A and B, respectively.
Therefore, a Fock representation can be introduced,
|k,M − k〉A|l,M − l〉B =
1√
cMk c
M
l
∑
P
P |i1, i2, . . . , iM 〉
∑
P
P |iM+1, iM+2, . . . , iN 〉,
(10)
where cMk ≡
(
M
k
)
and ij = 0, 1 and k (N − k) is the num-
ber of zeros (ones) in |i1, i2, . . . , iM 〉 and analogously for
|iM+1, iM+2, . . . , iN 〉. Furthermore, both sums are over
all permutations P of particles which lead to different
terms in each sum. Hence, the state |k,M−k〉A|l,M−l〉B
is a state with k atoms in state |0〉 and M − k atoms in
state |1〉 on subsystem A and l atoms in state |0〉 and
M − l atoms in state |1〉 on subsystem B. To make the
notation simpler, in the following I will use the abbrevi-
ations |k〉A ≡ |k,M − k〉A and |l〉B ≡ |l,M − l〉B. In this
representation the product state (3) is given by
|ψin〉 = 1
2M
M∑
k,l=0
√
cMk c
M
l |k〉A|l〉B. (11)
In addition, the operators
∑
j≤N/2 σ
j
z = a
†
0a0− a†1a1 and∑
j>N/2 σ
j
z = b
†
0b0 − b†1b1 can be introduced, where a†i
(ai) are bosonic creation (annihilation) operators of an
atom in state |i〉, i = 0, 1 in subsystem A, and b†i , bi act
in the same way on subsystem B. Using the fact that
a†0a0+ a
†
1a1 = b
†
0b0+ b
†
1b1 =M the equation of motion is
of the form (1) but now with
L = 2(b†0b0 − a†0a0) (12)
and
H = δ(a†0a0 + b
†
0b0) + δ˜(b
†
0b0 − a†0a0), (13)
where
δ˜ ≡ ωb − ωa
2
− ωL,b − ωL,a
2
, (14)
δ ≡ ω − ωL,a + ωL,b
2
. (15)
The state of the system at time t is then given by
ρ(t) =e−iHte−
γ
4
L2t
×
∞∑
m=0
(γt/2)m
m!
Lm|ψin〉〈ψin|Lme−
γ
4
L2teiHt
=
1
2N
M∑
k,l,j,n=0
√
cMk c
M
l c
M
j c
M
n |k〉A|l〉B〈j|A〈n|B
× e−γt(l−k+j−n)2e−iδ˜t(l−k+j−n)e−iδt(k+l−j−n)
(16)
and the stationary state, i.e. γt≫ 1, is therefore
ρstat =
1
2N
M∑
k,l,j,n=0
√
cMk c
M
l c
M
j c
M
n |k〉A|l〉B〈j|A〈n|B
× e−iδt(k+l−j−n)δl+j,k+n. (17)
Note that this state does not depend anymore on δ˜.
In the atomic basis ρstat takes the form
ρstat =
N∑
k=0
pke
−iHt|ψk〉〈ψk|eiHt, (18)
where the |ψk〉 are eigenstates of L which are symmetric
in A and B, respectively and the pk are the dimensions
of the corresponding eigenspaces divided by 2N . The
correlated noise removes all coherences of the initial state
except for those which are unaffected by the noise. For
example for N = 2 this leads to
|ψ0〉 = 1√
2
(|00〉+ |11〉), |ψ1〉 = |01〉, |ψ2〉 = |10〉 (19)
with p0 = 1/2, p1 = p2 = 1/4, and for N = 4 we have
|ψ0〉 = 1√
6
(|0000〉+ |0101〉+ |0110〉
+ |1001〉+ |1010〉+ |1111〉)
|ψ1〉 = 1
2
(|0100〉+ |1000〉+ |1101〉+ |1110〉)
|ψ2〉 = 1
2
(|1011〉+ |0111〉+ |0010〉+ |0001〉)
|ψ3〉 = |1100〉, |ψ4〉 = |0011〉 (20)
and p0 = 3/8, p1 = p2 = 1/4, p3 = p4 = 1/16. As
can be seen, for N = 2 the stationary state ρstat is a
Bell state with 50% fidelity. This state (except for a
bit flip of the second atom), also created by correlated
dephasing, has been prepared in an experiment where it
has been demonstrated that it can lead to improvements
in the measurement of electric quadrupole moments and
the line width of a laser [4].
Based on ρstat the QFI FQ can be calculated (see Ap-
pendix A) leading to
∆ωQCR =
1√
T tN
(21)
which is the same expression as obtained for conven-
tional Ramsey interferometry with a product state in the
complete absence of dephasing. In other words, using
the method discussed in this paper would ideally elim-
inate all negative influences of magnetic field fluctua-
tions in the system. This result is based on the QFI and
therefore does not necessarily correspond to the measure-
ment scheme performed in Ramsey interferometry, i.e.
Hadamard gate and detection of the state of the atoms.
The performance of this particular measurement can be
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FIG. 2. (a) Estimation uncertainty, ∆ω, depending on the
number of atoms N for γt = 5. The solid (black) line is the
estimation uncertainty ∆ωCR based on the Fisher informa-
tion (22). The dotted (red) line is the uncertainty ∆ωQCR
based on the QFI and given by Eq. (21). The dash-dotted
(green) line and the dashed (blue) line are the benchmarks (8)
and (9), respectively. (b) Improvement factors I (solid, black
line) and I˜ (dashed, blue line) corresponding to the improve-
ments over the benchmarks (8) and (9), respectively.
studied by calculating the Fisher information which is
given by
F =
N
2∑
k,l=0
1
p(k, l|ω)
(
d
dω
p(k, l|ω)
)2
, (22)
where p(k, l|ω) is the probability to find k excited atoms
in A and l excited atoms in B given that the value of the
transition frequency is ω,
p(k, l|ω) = 〈k|A〈l|BH⊗Ng ρstat(ω)H⊗Ng |k〉A|l〉B, (23)
where Hg is a Hadamard gate. From Eqs. (17), (22)
and (23) it is clear that the Fisher information has the
form F = t2f(δt). The quantity f(δt) can then be calcu-
lated numerically and maximized over δt, i.e.
fmax ≡ max
δt
f(δt), (24)
which yields ∆ωCR. A result is given by the solid (black)
line in Fig. 2(a). As can be seen, the uncertainty ∆ωCR
is slightly higher than the uncertainty based on the QFI,
Eq. (21). This means that the measurement performed
in Ramsey interferometry is not optimal. However, the
measurement necessary to reach the precision (21) will
be a non-trivial and, in general, non-local measurement
which will be difficult to implement (and therefore, in
practice, will have finite fidelity). In fact the maximum
Fisher information follows approximately the behavior
fmax = a0N + a1 where a0 ≈ 0.80± 0.005, a1 ≈ −2.24±
0.12 which is obtained by a fit to data between N = 8
and N = 40 obtained by numerically calculating fmax.
For large N this approximately yields
∆ωCR ≈ 1√
a0T tN
(25)
which is only slightly higher (approximately by a factor
1.1) than Eq. (21). It is therefore questionable if a more
complex measurement is worth the effort.
It should be emphasized again that the results (22)
and (25) are equal or similar to those obtained for a com-
pletely noiseless system. Such an effect can, of course,
also be achieved by using states which are inherently
insensitive to magnetic fields, particularly ‘clock tran-
sitions’ which use states with zero magnetic quantum
number. Therefore, the method presented in this paper
removes the restriction to clock transitions and makes it
possible to consider a greater variety of transitions for
frequency standard experiments.
A comparison of the precision ∆ωCR based on the
Fisher information (22) and the benchmarks (8) and (9)
is shown in Fig. 2(b). More precisely, the solid (black)
line shows the improvement factor I ≡ ∆ωbench/∆ωCR
and the dashed (blue) line shows I˜ ≡ ∆ω˜bench/∆ωCR for
γt = 5 which means that the atoms can be kept 5 times
longer than the coherence time of a single atom. Un-
surprisingly, I˜ grows with N since ∆ω˜bench approaches
a constant, non-zero value for large N . The improve-
ment factor I on the other hand, converges to a constant
value since both precisions scale like
√
N for large N . In
particular, for N ≫ 1 the improvement factors are
I ≈
√
2eγt
√
a0 +
a1
N
≈ 2.09√γt, (26)
I˜ ≈
(
1.41 +
0.87
N0.90
)√
γt(Na0 + a1) ≈ 1.26
√
Nγt. (27)
Both improvement factors are proportional to
√
γt which
can be considerably larger than in conventional Ramsey
interferometry since there is no restriction due to the
decoherence caused by magnetic field fluctuations. In
fact, it is the noise which generates the state which is used
and the improvement factor can therefore be significant.
V. IMPERFECT GATES AND
MEASUREMENTS
In the previous sections imperfections of the Hadamard
gates and imperfect measurements of the internal states
6f m
ax
N
(a)
0
2
4
6
8
 10
2 4 6 8 10 12 14
∆ω
 
(T
/γ)
1/
2
N
(b)
0.1
0.2
0.3
0.4
0.5
0.6
0.7
2 4 6 8 10 12 14
Im
pr
ov
em
en
t f
ac
to
r
N
3
4
5
2 4 6 8 10 12 14
FIG. 3. (a) Maximum Fisher information fmax defined by
Eq. (24) for ηM = ηH = 1 (solid, black line) and ηM = ηH =
0.99 (dashed, blue line) depending on the number of atoms N .
(b) Estimation uncertainty ∆ωCR for ηM = ηH = 1, γt = 5
(solid, black line) and estimation uncertainty ∆ωCR for ηM =
ηH = 0.99, γt = 5. Inset: Improvement factors I (solid, black
line) and IηM ,ηH (dashed, blue line).
of the atoms have been neglected. An imperfect
Hadamard gate can be modeled by
EH(ρ) = ηHHgρHg + 1
2
(1− ηH)1 , (28)
where Hg is a perfect Hadamard gate and ηH charac-
terizes the probability to have a perfect gate. A faulty
measurement of an atom can be modeled using the mea-
surement operators
Πi =
1
2
(1 + ηM )|i〉〈i|+ 1
2
(1− ηM )σx|i〉〈i|σx, (29)
where i = 0, 1, and ηM is the likeliness that the cor-
rect measurement result is obtained. Both measure-
ment and Hadamard gate can now be performed rou-
tinely with very high fidelities. Indeed, with current
ion trap technology gate and readout fidelities in ex-
cess of ηH = ηM ≈ 0.99 have been achieved [27]. Note
that errors in the state initialization preceding the first
Hadamard gate can be absorbed into these quantities.
However, this initialization, which is typically done via
optical pumping, can be done with very high fidelities
even exceeding those of gate and measurement. Further-
more, it should be emphasized that throughout this pa-
per it is assumed that exactly half of the atoms are in
group A and half of the atoms are in group B. This
requires that group A and B can be addressed sepa-
rately during the initialization phase which can be easily
achieved with current ion trap technology. Despite the
fact that ηH and ηM are close to one it has been shown
previously that they can have a significant effect on the
overall estimation precision. For example, in the method
discussed in [22] which relies on highly entangled GHZ
states, these imperfections increase the estimation un-
certainty by a factor (ηMηH)
N , i.e. exponentially with
the number of atoms. Fortunately, if separable states
are used, it is to be expected that these imperfections
have a much smaller effect. For example, the bench-
mark (8), which is based on a product state, is now given
by ∆ωηM ,ηHbench =
√
2γe/NT/ηMη
2
H [22]. Hence it is merely
reduced by a factor ηMη
2
H which is independent of N and
therefore has only a minor effect if ηH and ηM are close
to 1.
In order to study the effect of imperfect measurements
and Hadamard gates on the method discussed in this pa-
per, numerical calculations of fmax in the atomic basis
have been performed for ηH,M different from 1. An ex-
ample is shown in Fig. 3 (dashed, blue line) depending
on N and for ηH = ηM = 0.99. The dashed line shows
an approximately linear behaviour with respect to N for
N & 8, i.e. fmax ≈ a˜0N + a˜1, where a˜0, a˜1 are ap-
proximately independent of N . As a reference, fmax for
ηH = ηM = 1 is plotted as well (black line) which corre-
sponds to the black line in Fig. 2(a) which also shows a
linear behaviour as discussed in Sec. IV. This shows that
the precision still scales like the standard quantum limit,
∆ωCR ∼ 1/
√
a˜0N + a˜1 and therefore ηM,H have only a
minor effect on the overall estimation precision if they
are close to 1. ∆ωCR is shown in Fig. 3(b) (dashed, blue
line). The loss in precision for ηH = ηM = 0.99 is small:
It is merely a factor 1.09 for N = 14. The improvement
factor IηM ,ηH ≡ ∆ωηM ,ηHbench /∆ωCR is shown in the inset of
Fig. 3(b) (dashed, blue line) together with I (black line)
which is the same as the black line in Fig. 2. For exam-
ple, for N = 14 the improvement factor is reduced from
4.16 to 3.94.
VI. THE EFFECT OF SPONTANEOUS
EMISSION
It was shown in the previous sections that the improve-
ment factors I and I˜ increase with
√
γt. The value of γt
will be limited by a decay of the excited atomic state
caused by spontaneous emission with a decay time 1/Γ.
References [4] and [15] report 1/γ to be a few millisec-
onds and 8ms, respectively (the latter can be increased
to 95ms [15]). The lifetime of the excited atomic state
in these experiments is 1/Γ = 1.17s. For example, for
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FIG. 4. (a) Maximum Fisher information fmax [see Eq. (24)]
for Γ = 0 (solid, black line), γ/Γ = 100 (dashed, blue line),
γ/Γ = 200 (dashed-dotted, green line) and γ/Γ = 10 (dotted,
red line) depending on the number of atoms N (ηM = ηH = 1
and γt = 5 in all cases). (b) Estimation uncertainty ∆ωCR
corresponding to the curves shown in (a).
1/γ = 5ms the spontaneous decay time is therefore
γ/Γ ≈ 230 times larger than the dephasing time 1/γ.
Spontaneous emission can be included in our model by
adding the term
Γ
N∑
j=1
(
σj−ρσ
j
+ −
1
2
σj+σ
j
−ρ−
1
2
ρσj+σ
j
−
)
(30)
to the equation of motion (1), where σ± = (σx ± iσy)/2.
The fisher information fmax can then be calculated nu-
merically and results are shown in Fig. 4(a) for γt = 5
and γ/Γ = 200 (dashed-dotted, green line), γ/Γ = 100
(dashed, blue line) and γ/Γ = 10 (dotted, red line)
(ηM = ηH = 1). The behavior is similar to that shown in
Fig. 3(a), i.e. fmax is approximately linear and the loss in
precision is approximately independent of N for N & 8.
The corresponding estimation uncertainties ∆ωCR are
shown in Fig. 4(b). For example for N = 14 the un-
certainty is increased by a factor 1.04 for γ/Γ = 200,
1.07 for γ/Γ = 100 and 1.64 for γ/Γ = 10.
Unsurprisingly, numerical simulations reveal that the
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FIG. 5. Improvement factor IηM ,ηH ,Γ given by Eq. (31) ver-
sus Γt for N = 2, . . . , 14 (bottom to top) and ηH = ηM =
0.99, γ/Γ = 200.
Fisher information fmax decreases with increasing Γt but
only for N = 2 does it exhibit an exponential decay
(fmax ∼ exp(−2Γt)). For N > 2 the decay is nei-
ther exponential nor does it follow a power law. Taking
into account spontaneous emission and imperfect gates
and measurements the benchmark (8) has to be modified
to ∆ωηM ,ηH ,Γbench =
√
(2γ + Γ)e/NT/ηMη
2
H . The improve-
ment factor IηM ,ηH ,Γ ≡ ∆ωηM ,ηH ,Γbench /∆ωCR is then given
by
IηM ,ηH ,Γ =
√
γ
Γ
+
1
2
√
2e
N
1
ηMη2H
√
Γtfmax. (31)
Since fmax is decreasing with Γt the term Γtfmax has a
maximum which corresponds to an optimal free evolu-
tion time topt. Improvement factors for N = 2, . . . , 14
(bottom to top) are shown in Fig. 5. These exam-
ples take into account imperfect gates and measurements
with ηH = ηM = 0.99. For γ/Γ = 200, the max-
ima of the curves yield optimal improvement factors
IηM ,ηH ,Γ = 9.7, 10.93, 11.42, 11.62, 11.68, 11.67, 11.63
for N = 2, . . . , 14 corresponding to γtopt =
100, 123, 140, 155, 167, 177, 186. Note that the loca-
tion of the maxima, i.e. Γtopt, is independent of
γ/Γ. For γ/Γ = 10 we get the optimal improvement
factors IηM ,ηH ,Γ = 2.22, 2.5, 2.61, 2.66, 2.67, 2.67, 2.66
for N = 2, . . . , 14 corresponding to γtopt =
5, 6.2, 7, 7.8, 8.4, 8.9, 9.3. As can be seen, for exam-
ple for γ/Γ = 200, the optimal improvement factor
peaks at a value of 11.68 for N = 10 and then de-
creases slightly. If this tendency persists the best pos-
sible advantage over conventional Ramsey interferome-
try is achieved for N = 10. However, the behavior of
IηM ,ηH ,Γ for N > 14 is not known. In the worst case the
optimal improvement factor drops further. However, for
the method described in this paper to be worse than con-
ventional Ramsey interferometry, the optimal improve-
ment factor would have to drop to a value of below
one. The precision is given by ∆ωCR = c/
√
NIηM ,ηH ,Γ
8(with c =
√
(2γ + Γ)e/T/ηMη
2
H). Thus, if the optimal
IηM ,ηH ,Γ does not change substantially for N > 14, the
corresponding optimal precision decreases approximately
with
√
N .
VII. CONCLUSIONS
I have shown that, by using a stationary state which is
created by correlated dephasing which represents a sig-
nificant source of noise in recent experiments with strings
of trapped ions [4–6, 15–17], an improvement in the pre-
cision compared to standard Ramsey interferometry can
be gained. This is due to the fact that the measurement
precision essentially behaves as in a completely noise-
less system, i.e. the precision is approximately given by
1/
√
T tN . On the other hand, in standard Ramsey inter-
ferometry (under the influence of uncorrelated, Marko-
vian dephasing) the free evolution time is limited by the
coherence time of the system, t ∼ 1/γ, leading to a pre-
cision proportional to
√
γ/NT . By comparing the two
situations it is obvious that an improvement proportional
to
√
γt can be gained. This gain is achieved at very low
cost: The initial state is merely a product state of N
atoms, created by optically pumping two groups of atoms
into two different internal states with magnetic quantum
number m and −m, and a subsequent Hadamard gate.
However, apart from correlated dephasing, further im-
perfections have to be expected in practice. In particular,
I took into account imperfect Hadamard gates, imperfect
measurements of the atomic states and spontaneous emis-
sion. The effect of imperfect gates and measurements is
very small. It diminishes the estimation precision merely
by a constant factor independent ofN (approximately 1.1
for ηH,M = 0.99). The effect on the improvement factor,
i.e. the ratio of the precision of conventional Ramsey in-
terferometry and the precision of the method discussed in
this paper, is small as well. For example, for γt = 5 and
N = 14 atoms, the improvement factor is reduced from
4.16 to 3.94. The effect of spontaneous emission is to
limit the free evolution time t in the Ramsey interferom-
eter. The examples shown in Figs. 2 and 3 assume γt = 5
which is a very conservative assumption. Recent experi-
ments use transitions with a spontaneous decay time ex-
ceeding 1 s [4] which is about 200 times larger than the
dephasing time. Under such circumstances I showed that,
e.g. for N = 10 atoms, the free evolution time can be
extend to γt = 167. In conventional Ramsey interferom-
etry the corresponding optimal evolution time would be
merely γt = 0.5. This leads to an improvement in the
estimation precision of one order of magnitude compared
to standard Ramsey interferometry.
A further source of noise are phase or frequency fluctu-
ations of the local oscillator. Since the local oscillator is
the same for all atoms, its fluctuations will effectively lead
to correlated dephasing, since all atoms are affected in
the same way. This can be seen as fluctuating frequency
shifts of all atoms which are equal in magnitude and have
the same sign. This dephasing is of course independent
of magnetic quantum numbers and, for example, would
also be present if these are zero, i.e. if ‘clock-transitions’
are used. However, laser linewidths of about . 1Hz are
now experimentally available which renders the effect of
this form of noise very limited. Furthermore, a variation
of the method presented in this paper which is adapted
from [4, 6] could be used: If all atoms fluctuate in the
same way the stationary state would have the same form
as the one discussed in this paper except that half of
the atoms would be ‘spin-flipped’. As a consequence,
however, the quantity which can be estimated is not the
arithmetic mean of two frequencies but the difference be-
tween two frequencies.
The stationary state used in this paper is not entan-
gled, however, it has recently been pointed out that corre-
lated noise can create quantum discord [28]. Whether the
state considered in this paper contains such non-classical
correlations and whether they are the reason for its su-
perior performance in frequency estimation, is a subject
for future research.
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Appendix A: Quantum Fisher information
Consider a system state ρ which depends on a param-
eter ω which is to be estimated. The QFI is then given
by [24–26, 29]
FQ =
∑
j,k; pk+pj 6=0
2
pj + pk
∣∣∣∣
〈
φj
∣∣∣∣ ddωρ
∣∣∣∣φk
〉∣∣∣∣
2
. (A1)
where pk and |φk〉 are the eigenvalues and eigenvectors
of ρ, respectively. The state ρstat given by Eq. (17) can
be diagonalized,
ρstat =
M∑
p=0
fp|φ0p〉〈φ0p|+
M−1∑
p=0
fp|φ˜0p〉〈φ˜0p| (A2)
with
fp =
1
2N
cNp , (A3)
|φ0p〉 =
1√
cNp
p∑
j=0
√
cMj c
M
p−je
−2ijδt|j〉A|M − p+ j〉B, (A4)
|φ˜0p〉 =
1√
cNp
p∑
j=0
√
cMj c
M
p−je
2ijδt|M − j〉A|p− j〉B. (A5)
9The states |φ0p〉, |φ˜0p〉 are orthogonal to each other but
to obtain a complete orthonormal basis set the states
|φkp〉, |φ˜kp〉, k = 1, . . . , p have to be included which are
eigenstates of ρstat with eigenvalue 0, i.e.
〈φkp |φk
′
p′ 〉 = δpp′δkk′ (A6)
〈φkp |φ˜k
′
p′ 〉 = 0. (A7)
The quantum Fisher information then takes the form
FQ =4t
2
M∑
p=0
fp
p∑
k=1
〈φp0|a†0a0 + b†0b0|φpk〉
+ 4t2
M−1∑
p=0
fp
p∑
k=1
〈φ˜p0|a†0a0 + b†0b0|φ˜pk〉. (A8)
The above expression can be evaluated leading to the
simple result FQ = Nt
2 and therefore
∆ωQCR =
1√
νNt
=
1√
T tN
. (A9)
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